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ABSTRACT 

1^ ] We derive a confining qq Bethe-Salpeter equation starting from the same as- 

. sumptions on the Wilson loop integral already adopted in the derivation of a 

ON ' semirelativistic heavy quark potential. We show that, by standard approxima- 

tions, an effective meson squared mass operator can be obtained from our BS 
^-^j kernel and that, from this, by expansion, the corresponding Wilson loop po- 

tential is recovered, spin-dependent and velocity-dependent terms included. We 
also show, that, on the contrary, neglecting spin-dependent terms, relativistic 
flux tube model is reproduced. 

G\ . 

In the paper presented by G.M. Prosperi it was shown how the properties of the 
Wilson loop integral ( we assume Wilson area law and the straight line approximation; 
see eqs. (2)-(4)) can be used to obtain a confining Bethe-Salpeter equation from first 
principles. This result was accomplished neglecting the spin of the quarks. In this 
paper we show that it can be extended to the case of regular QCD with quarks with 
spin by defining an appropriate operator for the spin dependent part and using a 
second order formalism. 
o • Even in this case the basic object is the quark-antiquark Green function 

Ph' 1 - — c 

G A (x 1 ,X2,yi,y2) = -(0|T^(x 2 )Z/(2;2, xi)^(zi)V>i(j/i)E/u/i, 2/2)^2(2/2)10) = 
^ . <$ 

• • . 1 _ 

■ = ^(U{x2,x 1 )S 1 {x 1 ,y 1 ;A)U(y 1 ,y2)S 2 {y2,X2;-A)) (1) 

x : 

where c denotes the charge-conjugate fields, U the path-ordered gauge string U (b, a) = 
Pb a exp (ig f% dx^ A^x)^, Si and S 2 the quark propagators in the external gauge field 
A 1 *, the tilde denotes transposition in the colour indeces. 

Then, putting (D u — d v — igA^) S(x, y; A) = [i^ v D v + m)A a (x, y, ; A), we have 
K" = |[7 M ,7l) 

+ m 2 - -ga^F^A^x, y; A) = -5\x - y), (2) 
and taking into account gauge invariance, we can write 

Gf(x 1 ,x 2 ;y 1 ,y 2 ) = («7i^ + «ii)(«72<W + m 2)H±{xi, x 2 ; 2/1, y 2 ) (3) 

with 

H A (xi,x 2 ; 2/1,2/2) = --Tr(U(x 2 , Xl )Al {x uVl - A)U(y u 2/ 2 )A^(x 2 , y 2 ; -A)) (4) 



*Presenting author 



Now, we use the explicit resolution of (ED in terms of a path integral (Feynman- 
Schwinger representation; see (14) of Ref. H) 

j roo ja 1 

A°(x,y;A) = -- / dsexp -(-£>„£>" - m 2 + -ga^F, u ) (5) 
Z Jo Z Z 

^ roo rx rs | q 

= -- ds VzP xy T xy expi / dr{--{m 2 + z 2 ) + gA p (z)z p + ^F^(z)} 

Z JO Jy JO Z 4 

where the path integral is understood to be extended over all paths z^ = z M (r) 
connecting y with x and expressed in terms of a parameter r with < r < s, 
i stands for the "functional measure" is assumed to be defined as Vz = 

Z N—Xi Pxy and T X y prescribe the ordering along the path from right 
to left respectively of the colour matrices and of the spin matrices. 

On the other side, it is well known that, as a consequence of a variation in the 
path z m (t) — ► z^ij) + 5z^(t) respecting the extreme points, one has 

5 {P xy exp ig f drz^A^z)} = 

j 

= ig jT 5S^{z(r))P xy { - F^(z(r))ex P ig f dr> ' z»{t')A^z{t'))} (6) 

with 8S» v {z) = \(dz»8z v - dz v bz»). Then 

T xy exp(-l £dTa^jJ^-)(P xy expig J* dr't^A^r'))) 

= T xy P xy exp ig [ S " dr{z^r)A^z{r)) + -a^ F^(z(r))} (7) 
Jo 4 

and Eq.(|6|) can be rewritten as 
A CT (x, y; A) = -~ f dr f VzP xy T xy S s Q exp % [' dr[-\{m 2 + z 2 ) + ig^A^z)} (8) 

Z Jo Jy Jo Z 

with 

S^ = exp\-\ T dra^-J—\ (9) 
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In (9) it is understood that z^{t) has to be put equal to z^(t) after the action of Sq. 
Alternatively, it is convenient to write z = z + £, assume that <Sq acts on £(r) with 
SS^iz) = \{dz^5C - dz u 5(f), and set eventually C = 0. 
Replacing (|3|) in (|J) we obtain 

roo roo rx\ rX2 

H 4 (x u x 2 ;yi,y 2 ) = (-) 2 / dsi / ds 2 / Vz 1 / P^T^T^So 1 ^ 2 

exp (^){ T 1 rfn(m 2 + i 2 ) + f * rfr 2 (m 2 + i 2 )} 
Z Jo Jo 

~<TrP r exp(^){ £ dz^A^z)}) (10) 



where now z = Zj = Zj + Q on T x and T2 and z = z on the end lines x x x 2 and 2/22/1; 
the final limit Q — ► being again understood. 

Eq. flO) corresponds to Eq. (15) of Ref. 0. Then, by using assumption (2)-(4) 
of Ref. I? for the Wilson loop integral, the recurrence identity (19) and proceed- 
ing in a similar way (apart from some technical complications) we can show i that 
the "second order" Green function H^xi, x 2 ; y x , 2/2) satisfies a Bethe-Salpeter type 
nonhomogeneous equation. From this we obtain the momentum space homogeneous 
equation 

M*0 = ~ij -fak&faP + k')H 2 (V2P - k')i(k>, k; P)$ P (k) (11) 

which is more appropriate for the bound state problem. In this equation H 2 stands 
for a colour independent one particle dressed propagator, rjj = m ^ m2 , P denotes the 
total momentum p x + p 2 , k the relative momentum r] 2 pi — r\\p 2 (?j = T]jP + ^4p- and 
in the CM frame q = ), &p(k) is the ordinary Bethe-Salpeter wave function and 



I pert = l^a s {D prT {Q)q{q% - % -a^{8^Q v - S^Q p )q^D pa (Q) 



(5; 2 Q, 2 -5: 2 Q, 2 )D pa (Q)} + ... (12) 
Iconf = Jd 3 re iQ ' r J(r, q u q 2 ) with 
J(r, q 1} q 2 ) 
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?2oV Q10 - Qt + Qw V Qw - Qt + 



, qIoQw, ■ |Qt| . . |Qt| 
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|Qt| Qw Q20 



+ 



l0 o\ v q 2 Qq Xv r k o kv q^q 2v r k 

^V^io-qT ^v^Io-qT 

In (0)-(0) we have set q x = q 2 = Q = p[ - p x = p 2 - p' 2 , D pa (Q) 

denotes the gluon free propagator and the center of mass system (qi = — q 2 = 

Qt = (d hk — f h f k )q k ) is understood. Notice that Eq. (|T2p corresponds to the usual 
ladder approximation in this second order formalism (differing from (17) only for 
the spin dependent terms. 

From (|TT|) by replacing H 2 (p) with the free propagator p2 ~^ 2 and performing an 

appropriate instantaneous approximation on I [consisting in setting Q Q = 0, qjo = 
-^-3— or p i0 = Pjo = or k = k' = rj 2 ^ 771^ — and "0 = 3(^1 + ^1 + 



u> 2 + ^2), with w j = Jm] + k 2 , «^ = iVm 2 + k /2 ] one can obtain □ an effective mass 



operator for the mesons (in the CM frame P = 0, P = (mg, 0)) M = Mq + V with 



(k'\V\k) = — — =J lnst (k', k) + . . . (14) 

where the dots stand for higher order terms in a s and era 2 and kinematical factors 
equal to 1 on the energy shell have been neglected. Now, if we neglect in V the 
spin dependent terms and the coulombian one, we reobtain the hamiltonian of the 
relativistic flux tube model i with an appropriate ordering prescription I. On the 
other side by performing a expansion we find the qq potential that, written in the 
representation space, reads 

4a s 4 a s , 1 ,. hk r h r k h h 

4 1 a t ■ r 1 a 2 ■ r 4 a s 

3 2mi r d 2m 2 r d 3 2mim 2 

1 a fl 3(<7i • r)(cr 2 ■ r) (T X • cr 2l 4 a s 2vr 3 
+ o g §H + q ' °"2jo (r) 



(T 1 + 1 

6 mf m 2 m\m2 

- — ( — ^ H 5 ) ■ (- x q) (15) 

2 mf m 2 r 2 mi r m 2 r 



l2 + — - ZT"Z-){ c 1t^}w 



where now q stands for the momentum operator and and the symbol { }w stands 
for the Weyl ordering prescription for momentum and position variables. Now, by 
performing a Foldy-Wouthuysen tranformation with generator S = 2^ ai ' ( i~2m^ a2 ' c ^ 
we end up with the -\ potential which coincides with the Wilson loop potential i. 



1. Conclusions 

The kernel was constructed as an expansion in a s and aa 2 and at the lowest order 
is given by equations (9)- (10). 

As the analysis in terms of potentials show, the inclusion of terms in a 2 is essential 
for an understanding of the fine and the hyperfine structure. For what concerns 
the importance of a 2 contributions some preliminary extimates @ performed in the 
relativistic flux tube context seem to indicate that this first correction should be of 
little significance for the spectrum in almost all cases. 

Finally let us come to the problem of the type of confinement, which has been 
largely discussed in the literature. By this terminology it is usually meant the ten- 
tative assumption of a BS (first order) confining kernel of the instantaneous form 
-fconf = — (27r) 3 r^j^4 . As well known, the above form of / with T = 1 was motivated 
by the fact that it reproduces the static potential or and the spin dependent poten- 
tial as obtained in the Wilson loop context. This choice, however, gets both into 



phenomenological and theoretical difficulties: 1) it gives a first order velocity depen- 
dent relativistic correction to the potential which differs from the Wilson loop one i 
and does not seem to agree with the heavy meson data 0; 2) it does not reproduce 
straight line Regge trajectories 9. Complementary objections can be moved to the 
form with T = 7x7° • 

On the contrary, even if we have not yet attempted calculations directly with 
the kernel established in this paper, very encouraging results have been obtained in 
the context of the relativistic flux tube model i, of the dual QCD i and of the 
effective relativistic hamiltonian i, formalisms that are all strictly related to our one. 
Therefore the complicated momentum dependence appearing in (10) seems essential 
to understand both the light and the heavy meson phenomenology. 
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